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Ïðîáëåìà îñíîâàíèé òåðìîäèíàìèêè

ìèêðîñêîïè÷åñêèå óðàâíåíèÿ - óðàâíåíèÿ Ãàìèëüòîíà
(Íüþòîíà)ṗ = −∂H

∂q q̇ = ∂H
∂p ⇒ ìàêðîñêîïè÷åñêèå óðàâíåíèÿ

(óðàâíåíèÿ ïåðåíîñà) ∂∂t c(~r , t) = (∇, D∇c(~r , t)) + f (~r , t)
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Ïðåïÿòñòâèÿ ê ðåäóêöèîíèçìó

I ïàðàäîêñ Ëîøìèäòà H(H, q) = H(−p, q) - îáðàòèìîñòü ïî
âðåìåíè ïðè îáðàùåíèè èìïóëüñîâ

I ïàðàäîêñ Ïóàíêàðå�Öåðìåëî
µ(Ut(X )) = µ(X )⇒ ∀x∀ε∃T : ‖UT (x)− x‖ < ε - ïî÷òè
ïåðèîäè÷íîñòü, âîçâðàùåíèå ñêîëü óãîäíî áëèçêî ê
íà÷àëüíîé òî÷êå

Ðåäóêöèÿ ñòàòèñòè÷åñêîé ôèçèêè ê ìåõàíèêå íåâîçìîæíà ⇒
òðåáóåòñÿ îäíîçíà÷íàÿ ïðîöåäóðà âûâîäà óðàâíåíèé
ôèçè÷åñêîé êèíåòèêè èç óðàâíåíèé ìåõàíèêè, íåçàâèñèìàÿ îò
ãàìèëüòîíèàíà èñõîäíîé ñèñòåìû
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Ïîäõîäû ê ðåøåíèþ ïðîáëåìû íåîáðàòèìîñòè

I Öåïî÷êà óðàâíåíèé Áîãîëþáîâà � Áîðíà � Ãðèíà �
Êèðêâóäà � Èâîíà[1] - óñðåäíåíèÿ ìíîãî÷àñòè÷íîãî
óðàâíåíèÿ Ëèóâèëëÿ ∂fs

∂t +
∑s

i=1˙

qi
∂fs
∂qi

+
∑s

i=1

(
−∂Φext

i
∂qi
−
∑s

j=1
∂Φij

∂qi

)
∂fs
∂pi

=∑s
i=1 (N − s) ∂

∂pi

∫ ∂Φis+1

∂qi
fs+1 dqs+1dps+1

I Îïåðàòîðíûé ôîðìàëèçì Ïðèãîæèíà [3] - ìàêðîñêîïè÷åñêèå

âåëè÷èíû êàê îïåðàòîðûρ̇ = {Hρ} ⇔ ρ̇ = L̂ρ; ˙̂M = [L̂M̂]

I ôóíêöèîíàëüíàÿ ìåõàíèêà [4] -ôóíêöèÿ ðàñïðåäåëåíèÿ êàê
ìèêðîñêîïè÷åñêîé ñèñòåìû
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Ïîäõîäû ê ðåøåíèþ ïðîáëåìû íåîáðàòèìîñòè

Îñíîâíîé ïðèíöèï

Ñâîéñòâà ìàêðîñêîïè÷åñêîé äèíàìèêè - àòðèáóòû ôàçîâîãî
ïîòîêà ìåõàíè÷åñêîé êàê öåëîãî,¾ïó÷êà¿ òðàåêòîðèé, à íå
îäíîé èçîëèðîâàííîé òðàåêòîðèè
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Óðàâíåíèå Ëèóâèëëÿ

Îñíîâíîå óðàâíåíèå ôóíêöèîíàëüíîé ìåõàíèêè - óðàâíåíèå
Ëèóâèëëÿ

∂tρ+ ∂i (ρv
i ) = 0 (1)

ρ(0, x) = ρ0(x) (2)

Àíàëîãèè ñ êâàíòîâîé ìåõàíèêîé: ôóíêöèè ðàñïðåäåëåíèÿ
(âìåñòî ìàòðèöû ïëîòíîñòè) - ñîñòîÿíèÿ, ëèíåéíûå
ôóíêöèîíàëû (c-ôóíêöèè êàíîíè÷åñêèõ ïåðåìåííûõ, à íå
îïåðàòîðû) - íàáëþäàåìûå.
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Ðåøåíèå óðàâíåíèÿ Ëèóâèëëÿ

Çàäà÷à Êîøè è ôàçîâûé ïîòîê

Ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ëèóâèëëÿ

ρ(t) = ρ0(u(−t, x)) (3)

Óðàâíåíèÿ õàðàêòåðèñòèê

Ôàçîâûé ïîòîê u(t, x) -ñåìåéñòâî ðåøåíèé çàäà÷è Êîøè äëÿ
óðàâíåíèé äèíàìè÷åñêîé ñèñòåìû (4) ïðè ïðè âñåõ âîçìîæíûõ
íà÷àëüíûõ äàííûõ (5)

u̇(t, x) = v(u) (4)

u(0, x) = x (5)
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Ðåøåíèå óðàâíåíèÿ Ëèóâèëëÿ

Ñîõðàíåíèå ôàçîâîãî îáúåìà -óñëîâèå ïðèìåíèìîñòè
ôóíêöèîíàëüíîé ìåõàíèêè

det
∂u

∂x
= 1 (6)∫

f (x)ρ0(u(−t, x))dx =

∫
f (u(t, x))ρ0(x)dx (7)
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Ðåøåíèå óðàâíåíèÿ Ëèóâèëëÿ

Ôîðìàëüíîå ðåøåíèå - ýêñïîíåíòà âåêòîðíîãî ïîëÿ

u(t, x) = etvx (8)

etv ≡ 1 + tv i∂i +
1

2
t2vk∂kv

i∂i + . . . =
∞∑
n=0

tn

n!
(v i∂i )

n (9)

Ðàçëîæåíèå â ðÿä Òåéëîðà âáëèçè ¾êëàññè÷åñêîãî¿
ðåøåíèÿ

u(t, x0 + ξ) =
∑
α∈ND

0

1

α!
ξα∂αu(t, x0) ≡

∑
α

ξαuα (10)
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Òðàåêòîðèè ñðåäíèõ çíà÷åíèé êîîðäèíàò

〈u(t, x)〉 =
∑
α

Mαuα (11)

Çàäà÷à � ïðîñëåäèòü ýâîëþöèþ öåíòðèðîâàííûõ ìîìåíòîâ
âñåõ ïîðÿäêîâ
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Mα(t) = 〈(u(t, x)− 〈u(t, x)〉)α〉 =
∑
β6α

(−1)β〈uα−β(t, x)〉〈u(t, x)〉β (12)

〈uα−β(t, x)〉 = 〈(
∑
γ

ξγuγ)α−β〉 =
∑
γ

M(α−β)γuα−βγ (13)

〈u(t, x)〉β =
D∏
i=1

(
∑
δ

Mδuiδ)
βi =

=
∑
δk ;

δk6δk+1∀k

((
∑

ïåðåñòàíîâêè

|β|∏
k=1;

δk6δk+1∀k

uikδk )

|β|∏
k=1;

δk6δk+1∀k

Mδk ) (14)
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Îñíîâíîé ðåçóëüòàò

Ôîðìóëà ýâîëþöèè ìîìåíòîâ ðàñïðåäåëåíèÿ

Mα(t) =
∑
δk ;

δk6δk+1∀k

∑
β6α

((uα−βγ (
∑

ïåðåñòàíîâêè

|β|∏
k=1;

δk6δk+1∀k

uikδk ))×

× (M(α−β)γ

|β|∏
k=1;

δk6δk+1∀k

Mδk ) (15)

Ìèõàéëîâ À.È. ÝÂÎËÞÖÈß ÌÎÌÅÍÒÎÂ ÔÓÍÊÖÈÈ ÐÀÑÏÐÅÄÅËÅÍÈß Â ÔÓÍÊÖÈÎÍÀËÜÍÎÉ ÌÅÕÀÍÈÊÅ È ÒÅÎÐÅÌÀ Î ÂÎÇÂÐÀÙÅÍÈÈ.



Ââåäåíèå. Ïðîáëåìà íåîáðàòèìîñòè.
Óðàâíåíèå Ëèóâèëëÿ è ýâîëþöèÿ ìîìåíòîâ ôóíêöèè ðàñïðåäåëåíèÿ.

Îáñóæäåíèå ðåçóëüòàòîâ.

Ïðèìåðû

Ìàòðèöà âòîðûõ ìîìåíòîâ

B ij(t) =
∑
α,β

ujαu
j
β(Mα+β − MαMβ) (16)

ρ(x) =
1

εD
φ(

x

ε
) (17)

Mα ∼ ε|α| (18)

Â ÷èñëåííûõ ðàññ÷åòàõ ìîæíî óäåðæèâàòü ëèøü êîíå÷íîå
÷èñëî ÷ëåíîâ ðÿäà.
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Ïðèìåðû

Ïåðâûé íåèñ÷åçàþùèé ÷ëåí ðÿäà

B ij
(0)(t) =

∑
α,β61

ujαu
j
βM

α+β =
∂ui

∂xk
∂uj

∂x l
Bkl (19)

Ñëåäóþùàÿ ïî ε ïîïðàâêà

B ij
(1)(t) =

1

2
(
∂2ui

∂xk∂xm
∂uj

∂x l
+
∂ui

∂xk
∂2uj

∂xm∂x l
)Bkml+

+
1

4

∂2ui

∂xk∂xm
∂2uj

∂x l∂xn
(Bkmln + BkmB ln) (20)
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Ïðèìåðû

Àñèìïòîòèêà ìàëûõ t

B ij
(0)(t) ≈ B ij + t(

∂v i

∂x l
B lj +

∂v j

∂x l
B il)+

+
t2

2
(
∂(vk∂kv

i )

∂x l
Bkj +

∂(vk∂kv
j)

∂x l
B il) + t2 ∂v

i

∂xk
∂v j

∂x l
Bkl (21)
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Óñëîâèÿ ïðèìåíèìîñòè.

Ñëàáûé ïðåäåë âåðîÿòíîñòíîé ìåðû

∫
f (x)ρ̄(x)dx =

∫
f (x) lim

T→+∞

1

T

∫ T

0
ρ(u(−t, x))dtdx =

= lim
T→+∞

1

T

∫ T

0

∫
f (x)ρ(u(−t, x))dxdt =

= lim
T→+∞

1

T

∫ T

0

∫
f (u(t, x))ρ(x)dxdt =

=

∫
lim

T→+∞

1

T

∫ T

0
f (u(t, x))dtρ(x)dx =

∫
f̄ (x)ρ(x)dx (22)

Óñðåäíåíèå êîîðäèíàò ïî ïðåäåëüíîìó ðàñïðåäåëåíèþ -
òåðìèíàëüíàÿ òî÷êà ëþáîé òðàåêòîðèè.
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Îòêëîíåíèå îò íà÷àëüíîé òî÷êè

〈
D∑
i=1

(ui (t, x)− ui (0, x))2〉 =
∑
α,β

16|α|,|β|

Mα+β
D∑
i=1

(uiαu
i
β) (23)

Ðàçðóøåíèå ïåðèîäè÷íîñòè

u(T (x), x) = u(0, x) (24)

∂αu(0, x) = ∂αu(T (x), x) =
D∏
i=1

(∂i + ∂iT (x))αiu(t, x) (25)

uα(T (x), x) 6= uα(0, x) (26)
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Äåêðåìåíò çàòóõàíèÿ äëÿ èíòåãðàëà äâèæåíèÿ

I (〈u(t, x)〉)− I (u(t, x)) =
∑

Iβ(
∑
|α|

uαM
α)β =

=
∑
β

∑
δk ;

δk6δk+1∀k

((
∑

ïåðåñòàíîâêè

|β|∏
k=1;

δk6δk+1∀k

uikδk )

|β|∏
k=1;

δk6δk+1∀k

Mδk Iβ) (27)

Ïàðàäîêñ - ñðåäíÿÿ ýíåðãèÿ ñîõðàíÿåòñÿ, íî ãàìèëüòîíèàí
ñðåäíèõ êîîðäèíàò óáûâàåò I (〈u(t, x)〉) 6= 〈I (u(t, x))〉
Èçìåðåíèå èíâàðèàíòîâ ïîçâîëÿåò ãîðàçäî òî÷íåå ïðåäñêàçàòü
ñîñòîÿíèå ñèñòåìû â ïîñëåäóþùèé ìîìåíòû âðåìåíè
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Îòêðûòûå ïðîáëåìû

I âû÷èñëåíèå ñðåäíåãî îòêëîíåíèÿ â ðàìêàõ òåîðåìû
Ïóàíêàðå, ò.å. ïðè ñêîëü óãîäíî áëèçêîì, íî íå òî÷íîì
âîçâðàùåíèè

I äîêàçàòåëüñòâî òîãî, ÷òî íå ñóùåñòâóåò òàêæå èíîãî
ïåðèîäà äëÿ òðàåêòîðèè ñðåäíèõ çíà÷åíèé, ïóñòü è
îòëè÷íîãî îò ïåðèîäà òî÷íîé òðàåêòîðèè

I âû÷èñëåíèå ýâîëþöèè ìîìåíòîâ â ñïåöèàëüíîì ñëó÷àå
ïîëèíîìèàëüíûõ âåêòîðíûõ ïîëåé - ðÿäû äîëæíû
óïðîñòèòüñÿ

I âû÷èñëåíèå ýâîëþöèè ìîìåíòîâ â îäíîìåðíîé
ãàìèëüòîíîâîé ìåõàíèêå ãäå òðàåêòîðèè èçâåñòíû è
ñîâïàäàþò ñ óðîâíÿìè ýíåðãèè.
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